COMPUTATIONAL PDE LECTURE 15

LUCAS BOUCK

1. OUTLINE OF TODAY

e Prove Error Estimate for Backward Euler
e Prove alternative stability estimates for Backward /Forward Euler

2. FINITE DIFFERENCE METHODS FOR THE HEAT EQUATION

We are trying to solve:

u(t, @) — ug(t,x) = f(t,x), te€(0,1),z€(0,1)
(1) u(t,0) = 0,u(t,1) =0
u(0,z) = ug(x)
We now list with various time stepping schemes for the heat equation, which you
implemented in recitation:

e Forward Euler (approximates differential equation at ¢;_;)
D, U + AMU/ = 7!
e Backward Euler (approximates differential equation at t;)

D, U’ + A" = £/

2.1. Error estimate for Backward Euler. Recall that we have shown consistency
of both schemes.

Proposition 2.1 (consistency of schemes). Let u solve (). Then u] = wu(t;, z;)
satisfies

e Forward Euler
Do + ATt =71 4 ‘T]T"h’fe
e Backward Euler
D,w + Al =7 + Tiyhbe
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where there is a constant C' > 0 such that the truncation errors satisfy:

||Tz—h eHoo S O T|Utt|maz + h2|ummzz|mam
b 7f
HTi,h,beHOO S C (T’utt’maa: + h2|uzx:ca:’max)

and

|utt|maaz = t,Imrg[iE)}::I] |utt(t7 fL’>|, |uttt|maaz = t,gg[l(]},(l] |uttt(t7 ZL‘)|7 |u:v:ca:a:|ma1’ = t7£3ré%)},{1] |u1‘xwx<t7 ZE)|

We also have shown stability of Backward Euler.

Proposition 2.2 (unconditional stability of Backward Euler). Let U’ be the se-
quence of solutions to the Backward Euler scheme:

D. U7+ AMUY =7,

then the vector U7 satisfies the following discrete energy estimate:

J J
(2) ||UJ||%7;L + Z [T||UJ||?U +||U7 — U]—1||%7h < U + ZT”{-‘JH%JZ
j=1 =
where
N-1
VI, =" hvE [vlh. = hvTAlv.

i=1
Recall that we have
Stability + Consistency = Convergence

We now combine the two results to show an error estimate.

Proposition 2.3 (error estimate of Backward Euler). Let u solve (I). Let U7 be
the sequence of solutions to the Backward Euler scheme:

D, U7 + AU = £/
Then, we define € = uw/ — U’. Let T = Jr. The error satisfies for some C > 0:
(3)
J J |
le” 135 + Y 7lleFar < e llon+ D Tl7essell3n < COT (7 ltsitliuae + 7' |tawea o)
J=1 j=1
Moreover,
“eJHQ,h S v CT (T|uttt‘max + h/2|ua:xxx‘ma:c)



COMPUTATIONAL PDE LECTURE 15 3

Proof. Recall that
D,w + Al =7 + T pes
and
D, U’ + A"U7 = 7.
Subtracting these two equations leads to
D‘rej + Ahej = Tz',h,be'
Applying the stability estimate (2) to €’ and the estimates on Ti hbe give the desired
result. U

2.2. Alternative Stability Result. Note that the stability result we used mimics
the energy estimates of the heat equation. We can actually show an even better
stability result by mimicking the maximum principle of the heat equation.

Proposition 2.4 (co-norm stability of Euler). Let U’ be the sequence of solutions
to the Backward Euler scheme. Then the vector U” satisfies:

J
107 lloo < U oo + Y 7l oo

j=1

Let U’ be the sequence of solutions to the Backward Euler scheme. Then if

h2
4 < —
(4) T< S
the vector U’ satisfies:
J—1
U7 [loo < [T%floe + D 7l |oc-
=0

Proof of B.E. estimate. Suppose i is such that U = ||U’||.,. Then the Backward
Euler iteration reads:

h2

The LHS can be estimated from below. This essentially uses the fact that A’ is an
M matrix and —U! = —||U7|| < —UZ;:

LS = (14 37 ) U = 5 (UL, 4 UL, ) = U ot < U7 7l

2T S 2T ; .
LHS > <1 + ﬁ) U] — FUZ = U] = |U/||.

We now have
107 )loe < U7 oo + 71 |0
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If there is no 4 is such that U? = ||U/||o, we'd then have an 4 such that i is such that
—U? = ||U?||. Then repeat the argument with —U?. Then apply the inequality
inductively to get the final result. U

Proof of F.E. estimate. We repeat the same argument as for B.E. Suppose U{ =
|U7||oo- The FE scheme reads

. 9 . , . )
Ul = (1 - h—z) Ul G (U + U ) ot = RES,
Since we assume

T< —,
- 2

2T 2T . 2T .

We can then estimate the RHS by

then

RHS < (137 ) 10 o+ 25107 o 718 o = 107 o+ 71
Hence,
107 lloe < 107 oo + T e
O
Remark 2.1 (CFL Condition). For the stability of Forward Euler, we required
2
(5) TS —

This is known as a CFL (Courant-Friedrichs-Lewy) condition. Although Forward
Euler is cheaper at each step than backward Euler, we pay with a restriction on the
size of the time-step size.
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